Phase noise has a great influence on the performance of coherent optical communication. In this paper, martingale theory is introduced to analyze the phase noise effect for the first time as far as we know. Through Fubini's Theory and martingale representation theory, we proved that
Introduction
Phase noise greatly limits the performance of coherent optical communication [1] , especially on the condition that recent advances in modulation formats and multisymbol detection are more and more widely introduced in optical communication system nowadays [2] [3] . Therefore, the impact of phase noise has been investigated in a lot of great works. Generally, evaluating the impact of phase noises is difficult, because it's too hard to fully assess the stochastic property of laser phase noise (LPN) Wiener process and nonlinear effect induced phase noise accurately.
There are mainly two methods to evaluate phase noise effect: alternative moment method [4] and perturbation method [5] . Both of these two methods try to find a certain kind of expansion to approach the random process. Thus, the two methods will either be ineffective in some cases [6] or not accurate enough [7] .
In this paper, we introduce martingale theory to analyze phase noise. 
Model and Theory
Phase noise, frequency offset and nonlinear noise are the significant impairments of coherent optical communication. The signal before detection can be described as 
Here ( ) Hz  denotes full 3dB line width of laser.
NL
 and eff n corresponds to nonlinear noise and additive Gaussian noise respectively. According to [8] 
In coherent optical communication systems, the symbol period is very small because of high-speed transmission. Thus, (3-4) can be quite accurate according to integral property. If the time window is a rectangle over the whole symbol period, which is most frequently used in reality, we could simply to investigate the integral of a
. Now we will prove that the real rand process
is a predictable martingale, and so that t , the geometric random process, can be adapted to Ito Formula.
S
Stochastic Fubini's Theorem: The stochastic process s W is a martingale with respect to a filtration   0 t t    and probability measure P. Then the underlying filtration probability space can be represented as
If is a bounded random variable, and is predictable for filtration ( , , ) :
Utilizing ( 
Applications
In the section, the analysis above will be used to introduce some meaningful utilization in optical coherent communication, including moments of phase noise, SNR degrade due to LPN. These discussions here will reveal the way to apply martingale theory for analyzing phase noise effect.
Non-recursive Formula for the Moments of Phase Noise
Reference [9] proved a recursive formula for the moments of phase noise. Method of moments is very important in performance evaluation of digital communication systems [6] . Here a different approach is revealed to get a non-recursive formula for the moments of phase noise. By substituting (4) into (6), a new stochastic differential equation can be denoted as ( 1 ) 2
Integrating and then taking expectation on both side of the equation, yielding
Since the expectation of Wiener process is zero so ) , by lving the integral equation (11), we can get
(Note: 0
The result is much simpler than that of [9] , and it's easy for calculation. Figure 1 shows the first three mo m that the expectation value of both recursive and non-recursive formula is almost the same except that the third moments of recursive solution suffers fierce shock when laser line width is below 400 kHz. It's quite unreasonable because phase noise effect should be smaller if laser line width degrades. Therefore, the non-recursive formula is more effective than the recursive formula given by [9] .
Optical OFDM
rent optical OFDM phase noise of laser. The impact of phase noise in wireless OFDM has been widely evaluated, including [10] [11] . Here, we show a totally different method to give an evaluation on phase noise effect in optical OFDM system. As it's widely known, if we simply investigate the effect of phase noise, the signal before deciding could be written as , and the SNR degradation se noise can be den duo to pha oted by [10] 2 0
Thus, the key point is to calculate 
Now Ito isometry can be applied to calculate (15). Ito isometry: if f is an elementary function, then
Therefore, the derivation for the mean variance of is
So (16) 
The result fits well with [10] , yet the method is much simpler. Figure 2 shows the relationship between laser width and SNR degradation when the transmission rate is set at 40Gbps with 64 carrier frequencies. If BER is set to be 7 
10
 , the value of SNR for M-QAM and M-PSK are app mated by 10 
Conclusions
ngale theory was introduced to ana-'s easy to observe that MPSK modulated signal suffers more SNR degradation due to phase noise. And with the increasing of signal constellation's size, the signal becomes more and more sensitive to the phase noise. If the laser line width is 1MHz and the modulation format is 64QAM, extra 2.5dB SNR needs to be compensated for the phase noise effect.
In the paper, Marti lyze the effect of phase noise for the first time. 
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